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1. INTRODUCTION
Various currently known materials are Ising mag-
nets [1, 2]. Even though the Ising coupling has an
extremely simple form, the macroscopic properties of
these materials, such as magnetic susceptibility, are
very difficult to calculate. It should be noted that no rig-
orous closed-form expression for the longitudinal com-
ponent of susceptibility has been obtained to this day
even in exactly solvable Ising models. Moreover, there
are reasons to believe that no such expression can be
found in the class of differentially finite (holonomic)
functions [3–5] (see also [6]).
The subject of this study is the magnetic susceptibil-
ity of quasi-one-dimensional Ising magnets. Systems of
two types are considered: anisotropic square lattices
with coupling constants
 
 J
 
 and 
 
J
 
' such that 
 
|
 
J
 
'/
 
J
 
|
 
 
 
≤
 
 1, and
simple cubic lattices with dominant interaction along
one axis represented by 
 
J 
 
and equal constants 
 
J
 
' of
interaction along the remaining two orthogonal axes.
Crystals of [(CH
 
3
 
)
 
3
 
NH]FeCl
 
3
 
 · 2H
 
2
 
O (FeTAC) have
a 2D magnetic lattice consisting of bonded spin chains
lying in a plane [7–10]. In crystals of CoCl
 
2
 
 · 2NC
 
5
 
H
 
5
 
[11–14] and FeCl
 
2
 
 · 2NC
 
5
 
H
 
5
 
 [15–17], chains of mag-
netic ions are bonded into 3D systems. All of these
materials are typical quasi-1D Ising superantiferromag-
nets that can be modeled by effective spin-1/2 Hamilto-
nians (with 
 
J
 
 > 0 and 
 
J
 
' < 0). As temperature decreases,
ferromagnetically ordered spin chains become antifer-
romagnetically ordered. Their magnetic susceptibilities
have distinct maxima at temperatures 
 
T
 
max
 
 above the
respective critical points 
 
T
 
c
 
. The phase transition man-
ifests itself in the susceptibility curve as an inflection
point where the tangent line to the curve is infinitely
steep (in the ideal case).
The susceptibility of a 2D Ising lattice was calcu-
lated in [18] for the entire temperature range (in theory,
from zero to infinity). The approximation used in that
study (decoupling of many-spin correlation functions)
is accurate within 0.35% in the isotropic model. How-
ever, the analysis presented below shows that the error
in the coordinates of the susceptibility maximum
amounts to tens of percent even for 
 
J
 
'/
 
J
 
 = –0.1 (
 
J
 
 > 0).
Therefore, this approximation cannot be applied to
quasi-1D systems in practical calculations.
The results obtained for 3D systems are even less
accurate. The most reliable calculations of susceptibil-
ity for such systems make use of power series expan-
sions. For the zero-field longitudinal susceptibility of
the isotropic simple cubic Ising lattice, high-tempera-
ture expansions to the 25th- and even 32th-order terms
were obtained in [19, 20] and [21], respectively. How-
ever, analogous expansions for anisotropic lattices are
known only to the 10th- or 11th-order terms (see [22]
and [23], respectively). Moreover, partial sums of the
series rapidly diverge with increasing lattice anisotropy.
In what follows, it is demonstrated that the available
high-temperature series expansions of superantiferro-
magnetic susceptibility [24] result in unacceptably
large errors for 
 
|
 
J
 
'
 
|
 
/
 
J
 
 = 10
 
–2
 
 (even after their conver-
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—The temperature dependence of the zero-field susceptibilities of 2D and 3D Ising lattices with
anisotropic coupling is analyzed. Infinite 2D and 3D lattices are approximated, respectively, by ensembles of
independent 
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 chain clusters that are infinitely long in the strong-coupling (
 
J
 
) direction. This
approach is used as a basis for a quantitative description of available experimental data on the magnetic suscep-
tibilities of the 2D anisotropic Ising ferromagnet [(CH
 
3
 
)
 
3
 
NH]FeCl
 
3
 
 · 2H
 
2
 
O (FeTAC) and the quasi-one-dimen-
sional 3D systems CoCl
 
2
 
 · 2NC
 
5
 
H
 
5
 
 and FeCl
 
2
 
 · 2NC
 
5
 
H
 
5
 
 in the entire experimental temperature range. A method
is proposed for determining the relative interchain coupling strength 
 
J
 
'/
 
J
 
 from the maximum susceptibility
value, which improves the accuracy of estimates for 
 
J
 
'/
 
J
 
 by more than an order of magnitude. 
 
 
 
 
  2
 
gence is improved by Padé–Borel resummation). Note
that interpretation of the experimental data discussed
here requires modeling with an even smaller value of
this parameter.
In this paper, susceptibilities are calculated by using
cluster simulation. It is well known [25–27] that vari-
ous characteristics calculated by this method (including
susceptibility) converge to their values for an infinite
system at an exponential rate with increasing cluster
size everywhere in the parameter space except for a nar-
row critical region. However, this region cannot be
resolved by modern experimental methods for the
quasi-1D materials discussed here.
In view of the specific anisotropy to be modeled,
chain clusters of infinite length in the direction of the
dominant interaction 
 
J 
 
are used as subsystems (
 
L
 
 
 
×
 
 
 
∞
 
strips and 
 
L
 
 
 
×
 
 
 
L
 
 
 
×
 
 
 
∞
 
 parallelepipeds for 2D and 3D sys-
tems, respectively). Undesirable surface effects are
eliminated by setting periodic boundary conditions in
the transverse directions for subsystems of both types.
Furthermore, frustration is obviated by using chains of
length 
 
L
 
 = 2, 4, … (measured in units of the lattice con-
stant), with the only exception of a single chain (
 
L
 
 = 1).
Thus, the magnetic lattice of an 
 
L
 
d
 
 – 1
 
 
 
×
 
 
 
∞
 
 superantifer-
romagnetic cluster (in space of dimension 
 
d 
 
= 2 or 3)
consists of two identical interpenetrating sublattices
with opposite magnetic moments.
In Section 2, formulas for susceptibilities are pre-
sented, including both general expressions well suited
for computations and exact asymptotic ones. The cum-
bersome analytical formulas derived for few-chain sub-
systems are relegated to the Appendix. In Section 3, the
strip width ensuring the accuracy required to calculate
the susceptibility of FeTAC is determined. In Section 4,
the corresponding calculated results are presented. Sec-
tions 5 and 6 contain results for 3D systems analogous
to those presented in the preceding two sections. Sec-
tion 7 summarizes the principal results of this study.
2. CALCULATION OF SUSCEPTIBILITIES
The anisotropic Ising Hamiltonian is written as
(1)
where the Pauli matrices  are localized at the sites of
a square or simple cubic lattice. The sums with 
 
〈
 
i
 
, 
 
j
 
〉
 
 and
[
 
i
 
, 
 
j
 
] are taken over the nearest-neighbor pairs along the
directions corresponding to 
 
J
 
 and 
 
J
 
', respectively.
According to Kubo’s linear response theory [28, 29],
the static zero-field susceptibility tensor is
(2)
H 12--J σi
z
σ j
z 1
2--J' σi
z
σ j
z
,
i j,[ ]
∑–
i j,〈 〉
∑–=
σi
z
χµν β Mν〈 〉 Mµ〈 〉– β' Mν β'( )Mµ〈 〉 .d
0
β
∫+=
Here, µ and ν stand for x, y, or z; β = 1/kBT is the inverse
temperature measured in energy units (kB is Boltz-
mann’s constant); angle brackets denote ensemble-
averaged quantities; Mµ is the projection of the mag-
netic moment of the system on the µ axis; and Mν(β) =
eβHMνe–βH is a component of magnetization in the Mat-
subara representation.
Note that superantiferromagnets, being character-
ized by zero total spontaneous sublattice magnetiza-
tions, have zero magnetic moments in the absence of
applied field: 〈Mν〉 = 0. Therefore, the first term on the
right-hand side of (2) vanishes under the conditions
considered in this study.
The component of the magnetic moment parallel to
the z axis is
(3)
where g|| is the longitudinal g factor, µB is the Bohr
magneton, and N is the total number of particles in the
system. Since Mz commutes with Hamiltonian (1) and〈Mz〉 = 0, the expression for the molar zero-field longitu-
dinal (parallel) susceptibility obtained by substituting (3)
into (2) is
(4)
where NA is Avogadro’s number and i0 is any particular
site in a uniform lattice (χ|| is independent of its loca-
tion). To evaluate the longitudinal susceptibility, one
must calculate and add up all spin–spin correlation
functions and take the infinite-lattice limit.
The longitudinal susceptibilities of single-, double-,
and four-chain Ising models are known in analytical
form (see Appendix). An analysis of these formulas
shows that the predicted variation of the susceptibilities
of superantiferromagnetic clusters with temperature is
in qualitative agreement with experimental data. The
susceptibility curve has a peak (see Fig. 1), and its mag-
nitude indefinitely increases with lattice anisotropy. At
temperatures below the maximum point, the suscepti-
bility curve has an inflection point that approximately
corresponds to the critical point of the entire system.
The slope of the tangent line at the inflection point
increases with the number of chains in a subsystem,
approaching infinity.
For subsystems consisting of a larger number of
chains, the susceptibility can be found only by numeri-
cal methods. One formula well suited for computing
Mz
1
2--g||µB σi
z
,
i 1=
N
∑=
χ|| T( )
NA
N
------ χzz
N ∞→
lim≡
NAg||
2µB
2
4kBT
------------------ σi0
z
σ j
z〈 〉 N ,
j 1=
N
∑N ∞→lim=
3the longitudinal susceptibility of an Ld – 1 × ∞ Ising
cluster by the transfer matrix method is [30, 31]
(5)
Here, the primed sum skips the term with s = 1; n =
Ld − 1 is the number of chains in a cluster; λs and fs
denote eigenvalues and the corresponding eigenvectors
of the transfer matrix, respectively (the largest eigen-
value λ1 is nondegenerate by the Perron–Frobenius the-
orem [32]); and the matrix  is defined as
(6)
In this direct product of n matrices, the kth multiplicand
is the Pauli matrix σz, and the remaining ones are two-
dimensional identity matrices. The 2 × 2n-by-2 × 2
transfer matrix V has the elements
(7)
where σi = ±1 are collinear spins in the cross section of
an Ld – 1 × ∞ lattice, K = J/2kBT, and K' = J'/2kBT. The
transfer matrix V is a positive real symmetric one.
Expression (5) follows from (4); i.e., it can be
derived from Kubo’s linear response theory. A physi-
cally equivalent expression that has a somewhat differ-
ent form was obtained by developing a perturbation
series in external field for the transfer matrix [33, 34].
The key problem in evaluating the susceptibility is
thus reduced to the eigenvalue–eigenvector problem for
the transfer matrix V. Here, this problem is solved either
by direct numerical diagonalization of the matrix V or
by diagonalizing the subblocks constituting the transfer
matrix block diagonalized by using cluster symmetries.
Starting again from Kubo’s formula (2), one can
readily show that the expression for the transverse sus-
ceptibility χ⊥ is a linear combination of a finite number
of local σz correlation functions. These correlation
functions and χ⊥ have been calculated only for isotropic
2D Ising lattices [35–37].
The available analytical expressions for the trans-
verse susceptibilities of single- and double-chain Ising
models are written out in the Appendix. Figure 2 shows
these susceptibilities as functions of temperature and
demonstrates that the transverse susceptibility of a
quasi-2D system only slightly deviates from that of a
χ||
Ld 1– ∞×( ) T( ) NAg||
2µB
2
4Ld 1– kBT
-----------------------=
× '
λ1 λs+
λ1 λs–
---------------- f s+ σˆ1 … σˆn+ +( ) f 1 2.
s
∑
σˆk
σˆk 1 … 1 σz 1 … 1.××××××=
σ1 … σn V σ1' … σn', ,, ,〈 〉
=  K σiσi'
1
2--K' σiσ j σi
'σ j'+( )
i j,[ ]
∑+
i 1=
n
∑ ,exp
single chain in the entire temperature range, in contrast
to the longitudinal susceptibility. Therefore, practical
calculations of the transverse susceptibility of a typical
quasi-2D magnet can be performed by using the for-
mula for a single chain.
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Fig. 1. Longitudinal susceptibility for Ising chain models
(measured in units of /J) vs. normalized tempera-
ture: (1) linear ferromagnetic chain; (2) double chain with
z'J'/J = –0.5 (J > 0); (3) four-chain cylinder with J > 0 and
z'J'/2J = –0.1.
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Fig. 2. Zero-field transverse susceptibility (measured in
units of /J) vs. normalized temperature: (1) 1D
chain (J' = 0); (2) double chain with z'|J'/J| = 0.1; (3) free
spins (J = J' = 0).
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4An Ising magnet is an easy-axis one. The suscepti-
bility of such a material in polycrystalline (powder)
form is
(8)
At high temperatures, the longitudinal susceptibility
of an Ising magnet obeys the Curie–Weiss law:
(9)
This expression follows from the lowest order terms in
the high-temperature expansion of the susceptibility of an
infinite Ising lattice with anisotropic coupling [22, 23].
The Curie constant in (9) is expressed as
(10)
and the Curie–Weiss temperature is
(11)
Here, z' is the number of nearest-neighbor chains in the
system: z' = 2 and 4 for 2D and 3D lattices, respectively.
It follows from exact low-temperature expansions
obtained in [36, 38, 39] that the longitudinal suscepti-
bility of the entire system in the two- or higher dimen-
sional space vanishes exponentially as T  0. At
absolute zero temperature,
(12)
Since the clusters with even L considered here have
zero magnetic moments and an infinitesimal external
field cannot induce any magnetic moment that
requires a finite amount of work to be done, boundary
condition (12) is automatically satisfied for Ld – 1 × ∞
subsystems with d > 1.
At high temperatures, the transverse susceptibility
obeys the Curie law [36, 40]:
(13)
(It is equal to the magnetic susceptibility of free spins.)
The Curie constant in (13) is expressed as
(14)
where g⊥ is the transverse g factor. As T  0, the
transverse susceptibility tends to a finite limit [35, 36]
χp
1
3--χ||
2
3--χ⊥.+=
χ|| T( )
C||
T ϑ–------------ , T ∞.≈
C||
NAg||
2µB
2
4kB
------------------ ,=
ϑ 1kB
---- J 12--z'J'+⎝ ⎠⎛ ⎞ .=
χ|| 0( ) 0.=
χ⊥ T( )
C⊥
T
------, T ∞.≈
C⊥
NAg⊥
2 µB
2
4kB
-------------------,=
(see also [40]). For the anisotropic lattices of interest
for the present study,
(15)
An expression for the relative interchain coupling
strength is found by combining (11), (14), and (15):
(16)
For |J'|/J > 0, it entails the constraint
(17)
Thus, the susceptibility measured at high temperatures
imposes a constraint on its value at extremely low tem-
peratures. A comparison shows that the experimental
data obtained for FeTAC in [7] satisfy inequality (17).
According to (8)–(11), (13), and (14), the powder
susceptibility at high temperatures also decreases as
(18)
where
(19)
(20)
At zero temperature, the powder susceptibility reduces
to its transverse component:
(21)
Expressions (19)–(21) combined with the inequality
(  – )2 ≥ 0 yield a constraint on the relative cou-
pling strength in an anisotropic system:
(22)
This inequality, in turn, entails an upper bound for the
low-temperature plateau in powder susceptibility with
Θ > 0:
(23)
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It is shown in Section 6 that available experimental data
for CoCl2 · 2NC5H5 [11] support this inequality.
3. CONVERGENCE ANALYSIS 
OF CLUSTER EXPANSIONS FOR 2D SYSTEMS
Before applying any particular approximation to
quantify experimental data, it should be verified that the
systematic error of the approximation is smaller (at
least, not greater) than the measurement errors.
First, let us analyze the convergence of cluster
expansions for 2D systems. Figures 3 and 4 show the
longitudinal susceptibilities of L × ∞ Ising strips with L
varying from 2 to 10 computed for |J'|/J = 1 and 10–3,
respectively. The interval between these extreme values
contains the relative interchain coupling strengths char-
acteristic of most Ising magnets actually used in exper-
iments. When |J'/J| is smaller, dipole–dipole interaction
plays a significant role.
The susceptibilities were computed by using for-
mula (5), where the eigenvalues and eigenvectors were
found by direct numerical diagonalization of the start-
ing transfer matrices having dimensions no higher than
210 = 1024 with the use of the C subroutines tred2 and
tqli [41]. The output data also included the coordinates
of the susceptibility maximum.
Figures 3 and 4 illustrate the convergence of suscep-
tibility with increasing subsystem size. In both extreme
cases, |J'|/J = 1 and 10–3, the curves obtained for the
strips with L = 8 and 10 nearly coincide; i.e., these
results correspond to the infinite 2D lattice up to the
resolution of the graphs.
The approximation accuracy can be reliably esti-
mated by comparing the maximum values of longitudi-
nal susceptibility. The maximum is in the subcritical
region, where the convergence follows a stretched
exponential, if not a power, law.
Table 1 lists the coordinates of the longitudinal sus-
ceptibility maxima for Ising cylinders. The extrapola-
tion to the thermodynamic limit (L = ∞) was performed
by applying the Shanks transform [26, p. 225], which
maps a sequence {al} to { } according to the formula
(24)
The results presented in Table 1 demonstrate the fol-
lowing trends. The relative estimation error decreases
with weakening interchain coupling from 1.3% for
|J'|/J = 1 to 0.27% for |J'|/J = 10–3. Furthermore, the
maximum longitudinal susceptibility increases with
decreasing |J'|/J as
(25)
al'
al'
al 1– al 1+ al
2
–
al 1– al 1+ 2al–+
---------------------------------------.=
Jχ||
max( )
NAg||
2µB
2------------------
0.1
J' /J----------- .≈
0.12
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Fig. 3. Longitudinal susceptibility for L × ∞ superantiferro-
magnetic Ising strips with L = 2–10 and |J'|/J = 1 (measured
in units of /J).NAg||
2µB
2
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Fig. 4. Longitudinal susceptibility for L × ∞ superantiferro-
magnetic Ising strips with L = 2–10 and |J'|/J = 10–3 (mea-
sured in units of /J).NAg||
2µB
2
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However, the error of estimation of the maximum
value, unlike kBTmax/J, is almost independent of lattice
anisotropy. For L = 10, it is approximately 0.2%. This
accuracy is sufficient for quantitative description of
available experimental data.
Let us now discuss the accuracy of the approxima-
tion used in [18]. According to Table 1, we find that the
maximum longitudinal susceptibility of the 2D lattice
with |J'|/J = 10–1 corresponds to kBTmax/J = 0.538(3),
and its value is  = 1.050(2). On the
other hand, the results presented in [18, Fig. 5] for the
same superantiferromagnet demonstrate that the maxi-
mum has the coordinates kBTmax/J ≈ 0.656 and  ≈
0.809 (with redefined coupling constants). Thus, the
errors of estimation of the maximum value and the cor-
responding temperature in the approximation used
in [18] are 22 and 23%, respectively; i.e., the theory
developed in [18] is too inaccurate to be applicable to
experimental data even for weakly anisotropic lattices.
The inverse variation of maximum longitudinal sus-
ceptibility of superantiferromagnetic lattices with rela-
tive interchain coupling strength described by empiri-
cal formula (25) can be explained as follows. The criti-
cal temperature for anisotropic 2D Ising lattice satisfies
the equation [42]
(26)
Jχ||
max( )/NAg||
2µB
2
Jχ||
max( )
J
kBTc
----------
J'
kBTc
----------sinhsinh 1.=
As |J'|/J  0, this equation yields
(27)
On the other hand, the longitudinal susceptibility of a
typical quasi-1D Ising superantiferromagnet at temper-
atures slightly above the maximum point is well
approximated by the formula for the longitudinal sus-
ceptibility of a single Ising chain. Moreover, the maxi-
mum point approaches the critical temperature with
increasing lattice anisotropy. Therefore, assuming that
Tmax ≈ Tc and  ∝ (Tmax), we combine (27)
with (A.1) to obtain
(28)
The data listed in Table 1 demonstrate that relation (28)
holds in a surprisingly wide interval extending almost
to |J'| = J.
4. ZERO-FIELD MAGNETIC SUSCEPTIBILITY
OF SINGLE-CRYSTAL FeTAC
Single crystals of ferrous trimethylammonium chlo-
ride (FeTAC) are characterized by the most pronounced
quasi-one-dimensional magnetic ordering among the
class of compounds described by the formula
[(CH3)3NH]MX3 · 2H2O, where M denotes a metal
(such as Co, Fe, or Ni) and X is chlorine or bromine
(see [8, 43] and references therein). Physical properties
of FeTAC are the subject of extensive experimental
studies.
The static zero-field magnetic susceptibility of
FeTAC single crystals was measured in [7] at tempera-
tures ranging from 1.4 to 300 K. The susceptibility
along the easy axis (crystallographic b axis) is inter-
preted as the longitudinal susceptibility: χb ≡ χ|| .
According to [7], its maximum value  =
100 cm3/mol is reached at Tmax = 3.18(2) K, and the
critical temperature determined from the steepest
slope of longitudinal susceptibility below Tmax is Tc =
3.12(2) K (i.e., Tmax/Tc ≈ 1.02). At temperatures well
above Tmax, the susceptibility obeys the Curie–Weiss law.
The quantitative interpretation of measured suscep-
tibilities presented in [7] is based on the single-chain
approximation. Therefore, it is applicable only at tem-
peratures above Tmax. By fitting the longitudinal sus-
ceptibility of the 1D Ising chain to experimental data
points in the interval between 6 and 18 K, it was found
that Cb = C|| = 5.52(4) cm3 K/mol (Curie constant) and
ϑ ≈ J/kB = 16.6(1) K [7]. Combining these results
with (10), we obtain the longitudinal g factor: g|| =
7.67(3).
J'
J------ 2
kBTc
J----------
J
kBTc
----------–⎝ ⎠⎛ ⎞ .exp≈
χ||
max( ) χ||
1D( )
Jχ||
max( )
NAg||
2µB
2------------------
J'
J------⎝ ⎠⎛ ⎞
1–
.∝
χb
max( )
Table 1.  Coordinates of longitudinal-susceptibility maxima
for cyclic L × ∞ superantiferromagnetic Ising strips with dif-
ferent L and ∆ = |J '|/J (J > 0, J ' < 0): upper and lower values
are kBTmax/J and / , respectively. Extrapola-
tion to 2D strips with L = ∞ is performed by applying Shanks
transform (24) to strips with L = 6, 8, and 10.
L ∆ = 1 ∆ = 10–1 ∆ = 10–2 ∆ = 10–3
2 1.957443 0.593380 0.301827 0.193399
0.080142 0.853605 8.577071 85.786055
4 1.723455 0.563281 0.292302 0.189102
0.097244 1.000137 10.019720 100.203811
6 1.640401 0.550014 0.287992 0.187135
0.101008 1.034448 10.360714 103.612905
8 1.603729 0.543665 0.285905 0.186177
0.102075 1.044801 10.463915 104.644760
10 1.587364 0.540669 0.284914 0.185721
0.102404 1.048171 10.497584 104.981419
∞ 1.57(2) 0.538(3) 0.2840(9) 0.1853(5)
0.1026(2) 1.050(2) 10.51(2) 105.1(2)
Jχ|| max,
L ∞×( ) NAg||
2µB
2
7Moreover, the relative interchain coupling strength
was estimated in [7] by using a well-known expression
for the susceptibility of a quasi-1D system with cou-
pling between chains described in the molecular field
approximation [44],
(29)
By fitting this theoretical formula to experimental data
on susceptibility in the interval between 3.2 K (again
above Tmax) and 18 K, the approximate value J'/J ≈ –2 ×
10–3 was obtained [7].
According to the results of measurements of the spe-
cific heat of FeTAC reported in [8], Tc = 3.125(5) K and
J/kB = 17.7(3) K. Onsager’s solution (26) was used
in [8] to obtain |J'/J| = 1.3 × 10–3 for FeTAC.
Before discussing the results on FeTAC obtained in
the present study, let us note that the use of dependence
of kBTc/J on J'/J is not the best method for finding the
interchain coupling strength in quasi-1D systems.
Indeed, (27) entails the following relation between the
relative errors in normalized interchain coupling and
reduced temperature:
(30)
Therefore, the error in |J'|/J estimated from Tc increases
with coupling anisotropy (since kBTc/J decreases).
The same conclusion can be reached in a different
manner. Transcendental equation (26) is easily solved
on a computer to obtain curve 1 in Fig. 5. However, the
inaccuracy of input data should be taken into account.
Following [8], let us use Tc = 3.125 ± 0.005 K and
J/kB = 17.7 ± 0.3 K. Then, kBTc/J = 0.177 ± 0.003, the
corresponding relative error is 1.7%, and the relative
error in the result |J'|/J = (1.1–1.4) × 10–3 obtained by
solving (26) is 12%. This sharp increase in error is
explained by a rapid increase in the steepness of curve 1
with decreasing J'/J (see Fig. 5).
Alternatively, the ratio |J'|/J can be determined for a
superferromagnetic system by using maximum suscep-
tibility values (curve 2 in Fig. 5). According to (25),
/NA  varies in inverse proportion to |J'|/J.
This relation obviously implies that the respective rela-
tive errors in these parameters are equal; therefore,
(31)
One important advantage of this method for estimating
|J'|/J over the one discussed above is that the error is
independent of lattice anisotropy.
χ||
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The principal result of this section is a quantitative
description of the magnetic susceptibility of FeTAC in
the entire temperature range down to absolute zero.
Computations were performed for a 10-chain strip to
ensure that the approximation error is much smaller
than measurement errors. (
 
L
 
 
 
×
 
 
 
∞
 
 strips with 
 
L
 
 = 12, 14,
and larger could easily be simulated on a modern com-
puter if necessary.)
Expression (5) for longitudinal susceptibility con-
tains three parameters: 
 
J
 
/
 
k
 
B
 
, 
 
g
 
||
 
, and 
 
J
 
'/
 
J
 
. As in [7], the
function (
 
T
 
) was fitted to experimental data points
at temperatures of 6 K and higher to obtain 
 
J
 
/
 
k
 
B
 
 =
16.6 K and 
 
g
 
||
 
 = 7.67. By matching the computed max-
imum susceptibility with that measured in [7] (
 
T
 
max
 
 =
3.18 K,  = 100 cm
 
3
 
/mol), it was found that 
 
J
 
'/
 
J
 
 =
–0.00138 with an error in the last digit.
Figure 6 demonstrates that the curve computed in
the present study agrees with experimental data for
FeTAC obtained in [7]. It should be reiterated here that
the theoretical description of experimental data on sus-
ceptibility given in [7] is valid only at temperatures
above the maximum point, when the single-chain
approximation is applicable.
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5. CLUSTER EXPANSIONS
FOR 3D SYSTEMS
Modern computers can be used to simulate 3D Ising
chain clusters only for 
 
L
 
 
 
≤
 
 4. Note that exact expres-
sions are available for the susceptibilities of the double-
chain cluster and the 2 
 
×
 
 2 
 
× ∞ parallelepiped (see
Appendix).
To find the eigenvalues of the 65536 × 65536 trans-
fer matrix of the cyclic 4 × 4 × ∞ Ising parallelepiped,
both lattice and spin symmetries were used to represent
it in a block diagonal form consisting of 433 × 433 and
372 × 372 subblocks, whose eigenvalues and eigenvec-
tors are required to calculate the susceptibility given
by (5) [34]. Exact diagonalization of these relatively
small subblocks can readily be performed on a PC.
The next larger cluster that should have been simu-
lated in the present study is the 6 × 6 × ∞ parallelepiped.
However, the corresponding transfer matrix is 236 × 236,
and the dimensions of the subblocks in its block diago-
nal form determined by using the symmetries of the
system (as in the case of the 4 × 4 × ∞ cluster) are
119583470 and 119539680 [34]. The complete solu-
tion of the spectral problem for these matrices is far
beyond the capabilities of present-day supercomputers.
To date, computations have been performed for the 6 ×
6 × ∞ Ising system only at the quantum limit and a few
lowest eigenvalues of the corresponding sparse Hamil-
tonian matrix have been calculated [45].
For this reason, the present analysis is restricted to
2 × ∞, 2 × 2 × ∞, and 4 × 4 × ∞ clusters. Figure 7 illus-
trates the convergence of the zero-field susceptibilities
computed for 3D clusters (curves 2–4) with respect to
the number of chains in a cluster. The trends shown
here are qualitatively similar to those manifested in the
2D simulations (Figs. 3 and 4): the maximum suscepti-
bility increases with the cluster size, while the corre-
sponding reduced temperature decreases. As L  ∞,
the coordinates of the maximum must approach their
respective limits. However, these limits cannot be cal-
culated by Shanks extrapolation for lack of solution for
the 6 × 6 × ∞ cluster. (Unfortunately, the 2 × ∞ chain
cannot be used in an extrapolation process, because it is
not a truly 3D cluster.)
The accuracy of the 4 × 4 × ∞ approximation used
here for comparison with experiment can be estimated
indirectly by invoking the results of a Padé–Borel
resummation of high-temperature expansions for the
susceptibility of an anisotropic 3D Ising lattice [24]. In
that study, the coordinates of the superantiferromag-
netic susceptibility maximum were presented as func-
100
80
40
0 2 12
χb, cm3/mol
T, K
60
20
FeTAC
4 6 108 14
Fig. 6. Magnetic susceptibility of FeTAC along the crystal-
lographic b axis: measurement data from [7] (symbols) and
(T) calculated for J/kB = 16.6 K, g|| = 7.67, and
J'/J = –1.38 × 10–3 (curve).
χ||
10 ∞×( )
6
3
1
0 0.2 0.4 0.6
1
2
3
χ||(⊥)
kBT/J
0.8
5
4
2
4
5
|J '|/J = 10–2
Fig. 7. Longitudinal susceptibility for Ising clusters with
|J'|/J = 10–2 (measured in units of /J): (1) linear
ferromagnetic chain; (2) double chain with quadrupled
interchain coupling; (3) cyclic 2 × 2 × ∞ and (4) cyclic 4 ×
4 × ∞ parallelepipeds. The cross is the maximum calculated
in [24]. The transverse susceptibility of a linear Ising chain
(measured in units of /J) is shown for comparison
(curve 5).
NAg||
2µB
2
NAg⊥
2 µB
2
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tions of J'/J (see Table 1 in [24]). In the isotropic case
(|J'|/J = 1), when high-temperature expansions must
lead to reliable results, it was found that kBTmax/J =
2.400(25) and /NA  = 0.058 [24]. In this
study, /NA  = 0.05547 is obtained for
the 4 × 4 × ∞ lattice, which is lower by 4.35%. By anal-
ogy with the 2D simulations, it can be assumed that the
relative error in the maximum value is independent of
lattice anisotropy. (Actually, the error even slightly
decreases with |J'|/J, which can easily be demonstrated
by using the results for L = 4 presented in [24, Table 1].)
Then, the error of the 4 × 4 × ∞ approximation must be
about 4%. Since theoretical results are compared here
with experimental data on powder susceptibility, which
are not very accurate, the 4 × 4 × ∞ cluster approxima-
tion is well suited for such a comparison.
As mentioned in the Introduction, high-temperature
expansions lead to increasingly inaccurate results with
decreasing |J'/J|, because they contain a small number
of terms. The cross in Fig. 7 represents the susceptibil-
ity maximum calculated in [24] for |J'|/J = 10–2, with
kBT/J = 0.385(5) and Jχ||/NA  = 4.40(75). Accord-
ing to the figure, high-temperature expansions are even
less reliable than the 2 × 2 × ∞ approximation for this
degree of anisotropy. These results cannot be compared
to experimental data for such highly anisotropic super-
antiferromagnets as CoCl2 · 2NC5H5 (with |J'|/J < 10–2).
Now, it is clear that the formal quantitative comparison
of this kind presented in [24] is groundless.
Table 2 summarizes the coordinates of the suscepti-
bility maximum calculated for the 4 × 4 × ∞ superanti-
ferromagnetic cluster. (The maximum longitudinal sus-
ceptibility is divided by 3 with a view to comparing
with powder susceptibility.) As in the case of 2D lattice,
the maximum longitudinal susceptibility varies in
inverse proportion with |J'|/J:
(32)
This behavior is explained by analogy with the 2D case:
when the coupling between chains is described in the
molecular field approximation (while the intrachain
coupling is modeled exactly), the critical temperature
for the ferromagnetic simple cubic Ising lattice satisfies
the transcendental equation [44]
(33)
Since Tmax ≈ Tc and the maximum susceptibility is on
the order of (Tmax) for anisotropic superantiferro-
magnetic lattices with sufficiently high anisotropy, the
law formulated in (28) follows again from Eq. (A.1).
Jχ||
max( ) g||
2µB
2
Jχ|| max,
4 4 ∞××( ) g||
2µB
2
g||
2µB
2
Jχ|| max,
4 4 ∞××( )
3NAg||
2µB
2-----------------------
0.019
J' /J------------ .≈
KBTc
z'
2-- J'
J
kBTc
----------⎝ ⎠⎛ ⎞ .exp=
χ||
1D( )
Table 3 lists the coordinates of the inflection point
below the maximum and the corresponding slopes of
the susceptibility curve. It is clear that the abscissa of
the inflection point is a lower bound for critical temper-
ature (cf. [34]). The numerical results presented in
Table 3 demonstrate a rapid increase in the normalized
χ' = ∂χ/∂T with decreasing |J'|/J and show that the sus-
ceptibility at the critical point also varies in inverse pro-
portion to |J'|/J.
6. POWDER MAGNETIC SUSCEPTIBILITY
OF CoCl2 · 2NC5H5 AND FeCl2 · 2NC5H5
The spin systems of crystals of the pyridine com-
plexes of cobalt and iron(II) chlorides are 3D Ising lat-
tices with quasi-1D coupling [1, 2]. In these com-
pounds, Co2+ or Fe2+ ions are linked by next-nearest-
neighbor superexchange coupling through chlorine into
linear chains separated by pyridine rings, which are
responsible for interchain coupling. At temperatures on
Table 2.  Normalized coordinates of longitudinal-suscepti-
bility maximum as a function of J '/J for 4 × 4 × ∞ lattices
with J > 0 and J ' < 0
J '/J kBTmax/J
–1.0000 2.5833625 0.01849229
–0.1000 0.7155626 0.18871242
–0.0100 0.3399309 1.89015328
–0.0095 0.3346111 1.98964522
–0.0090 0.3301889 2.10018741
–0.0085 0.3254978 2.22374800
–0.0080 0.3207257 2.36273906
–0.0075 0.3158513 2.52025948
–0.0070 0.3105331 2.70029750
–0.0065 0.3052407 2.90802557
–0.0060 0.2996506 3.15038075
–0.0055 0.2936108 3.43680225
–0.0050 0.2875449 3.78048335
–0.0045 0.2808194 4.20055926
–0.0040 0.2738453 4.72563875
–0.0035 0.2661257 5.40079611
–0.0030 0.2578018 6.30088685
–0.0025 0.2483499 7.56111673
–0.0020 0.2378198 9.45146198
–0.0015 0.2252555 12.6019164
–0.0010 0.2095811 18.9030324
1
3--χ|| max,
4 4 ∞××( )
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the order of the critical temperature, the only signifi-
cantly populated level in the energy level system of
metal ions modified by the single-ion anisotropy field is
the ground-state Kramers doublet, which is separated
from higher levels by a large energy gap. Therefore, the
coupling between these ions can be modeled by an
effective spin-1/2 Hamiltonian.
The data points in Fig. 8 represent the zero-field
magnetic susceptibilities of polycrystalline CoCl2 ·
2NC5H5 and FeCl2 · 2NC5H5 powders measured in [11]
and [17], respectively.
For CoCl2 · 2NC5H5 crystals, the Curie constant is
C = 2.82(5) cm3/mol, the Curie–Weiss temperature is
Θ = 4.95(5) K, and the low-temperature limit value of
powder susceptibility is χp(0) = 0.14(1) cm3/mol [11].
These numerical values are consistent with upper
bound (23). Unfortunately, inequality (22) cannot be
used to obtain any useful quantitative information
because of a large experimental error. However, large
values of maximum susceptibility (see Fig. 8) suggest
that the interchain coupling is weak. The corresponding
contribution to longitudinal susceptibility can be
ignored, since it is much smaller than the χp(0) mea-
surement error. If the contribution of J' is also ignored,
then the decoupled system (19)–(21) yields J/kB =
11.4 K, g|| = 6.26, and g⊥ = 5.05, and only the value of
J'/J is required to calculate the susceptibility curve.
The critical temperature and maximum susceptibil-
ity calculated for the 3D Ising lattice as functions of
|J'|/J are qualitatively similar to those shown in Fig. 5
for the 2D model. Numerical values of kBTc/J in the 3D
Ising model can be found in a recent paper ([34],
Table 3, the values in the Tc column divided by 2).
Using these values and taking Tc = 3.17(2) K and J/kB =
10.6(6) K for CoCl2 · 2NC5H5 from [11], we obtain
|J'|/J =  with an error of 30%. Analo-
gously, taking Tc = 6.6(3) K and J/kB = 25(2) K for
FeCl2 · 2NC5H5 from [17], we obtain |J'|/J =
; i.e., the corresponding error is even
larger. Therefore, |J'|/J should again be determined
from the maximum susceptibility.
Figure 7 demonstrates that the transverse suscepti-
bility in the neighborhood of the longitudinal-suscepti-
bility maximum point is almost constant, and its value
predicted by (15) combined with (A.12) is [ (0) +
]/2 ≈ 0.27496 (measured in units of J/NA .
Accordingly, the maximum powder susceptibility of
quasi-1D superantiferromagnets with 10–3 ≤ |J'|/J ≤ 10−2
can be calculated as
, (34)
with /3NA  taken from Table 2.
Using the experimental value  = 3.9 cm3/mol
for CoCl2 · 2NC5H5 determined from Fig. 4 in [11] and
applying the 4 × 4 × ∞ cluster model, we find that
|J'|/J = 6.53 × 10–3.
Curve 1 in Fig. 8 is the powder susceptibility
(35)
calculated by using the parameters obtained for CoCl2 ·
2NC5H5. Here, the maximum is located at 3.48 K,
which agrees with Tmax = 3.51(1) K measured in [11].
The inflection point below the maximum of the theoret-
ical curve is located at 3.2 K. This result is also consis-
tent with Tc = 3.17(2) K determined by measuring spe-
cific heat in [11].
0.0069 0.0016–
+0.0022
0.0038 0.0015–
+0.0033
χ⊥
1D( )
χ⊥ max,
1D( ) g⊥
2 µB
2
Jχp
max( )
NAg||
2µB
2------------------
1
3--
Jχ|| max,
4 4 ∞××( )
NAg||
2µB
2----------------------- 0.1833
g⊥
g||
-----⎝ ⎠⎛ ⎞
2
+≈
Jχ|| max,
4 4 ∞××( ) g||
2µB
2
χp
max( )
χp T( ) 13-- χ||
4 4 ∞××( ) T( ) 2χ⊥1D( ) T( )+[ ]≈
Table 3.  Normalized coordinates of the inflection point of
longitudinal susceptibility below its maximum and the values
of susceptibility and its temperature derivative at the inflec-
tion point as functions of J '/J for 4 × 4 × ∞ lattices with J > 0
and J ' < 0
J '/J kBTc/J
–1.0000 1.947425 0.06298528 0.01244998
–0.1000 0.621899 3.41073780 0.13753748
–0.0100 0.311571 110.197410 1.39414706
–0.0095 0.307526 119.120733 1.45608732
–0.0090 0.303649 127.885372 1.53655666
–0.0085 0.299877 139.597874 1.63723231
–0.0080 0.296189 151.066706 1.76240864
–0.0075 0.291462 166.471661 1.85697964
–0.0070 0.287312 182.003965 2.00942967
–0.0065 0.281839 205.372014 2.11081321
–0.0060 0.277612 227.136261 2.33597593
–0.0055 0.272541 254.505992 2.55608624
–0.0050 0.267087 290.445604 2.81257312
–0.0045 0.260747 336.356921 3.06639337
–0.0040 0.254937 394.237723 3.50292699
–0.0035 0.248861 473.481579 4.10957821
–0.0030 0.241041 591.045463 4.72049719
–0.0025 0.232527 745.165859 5.60393984
–0.0020 0.222934 1017.23093 6.95010013
–0.0015 0.211715 1510.16621 9.23674430
–0.0010 0.197356 2567.00852 13.6273345
1
3--χ|| c,'
4 4 ∞××( ) 1
3--χ|| c,
4 4 ∞××( )
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The experimental data for FeCl2 · 2NC5H5 presented
in [17] were used to obtain C = 4.5 cm3/mol, Θ = 8.5 K,
χp(0) = 0.12 cm3/mol, and  = 2.7 cm3/mol. Again,
the model parameters were adjusted to find J/kB =
24.5 K, |J'|/J = 5.65 × 10–3, g|| = 7.07, and g⊥ = 6.85.
These parameters were used in (35) to obtain curve 2 in
Fig. 8, for which Tmax = 7.2 K and Tc = 6.7 K. According
to [17], J/kB = 25(2) and Tc = 6.6(3); i.e., the estimates
for J/kB and Tc obtained in this study agree with exper-
imental data within measurement error.
7. CONCLUSIONS
The temperature dependence of the longitudinal and
transverse zero-field susceptibilities of 2D and 3D Ising
lattices with anisotropic coupling is analyzed. The anal-
ysis is based on approximations of the original lattices
with ensembles of independent chain clusters that are
infinitely long in the strong-coupling direction.
A detailed treatment is presented of the ferromag-
netic intrachain and antiferromagnetic interchain cou-
plings that constitute the superantiferromagnetic cou-
pling characteristic of the modeled systems. For this
coupling configuration, longitudinal susceptibility has
a maximum whose value varies in inverse proportion to
interchain coupling strength. An explanation is pro-
posed for the inverse proportionality.
It is found that the relative error in the value of the
maximum calculated for clusters of the same finite size
L is independent of lattice anisotropy.
χp
max( )
For highly anisotropic superantiferromagnets, it is
shown that the interchain coupling strength can be
determined much more accurately by using the maxi-
mum value than the critical temperature, whereas the
latter method is applicable to weakly anisotropic sys-
tems.
A convergence analysis of cluster expansions per-
formed for 2D systems shows that L × ∞ strips of width
L = 10 can be used to calculate the maximum suscepti-
bility up to an error of 0.2%. If required, clusters of
larger size can be used to improve accuracy. Currently,
strips of width L ≤ 10 can be simulated on a standard
PC. Simulations for widths up to L = 16 can be per-
formed on supercomputers. Strips of larger size can be
simulated by using the symmetry of L × ∞ cylinders and
representing the transfer matrix in block diagonal form.
Three-dimensional simulation is an essentially dif-
ferent task. The susceptibility of L × L × ∞ Ising sys-
tems with L ≤ 4 can be calculated on a PC, whereas the
6 × 6 × ∞ problem cannot be solved on any supercom-
puter even after the transfer matrix is reduced to a block
diagonal form.
The approximation accuracy achieved in this study
is sufficient for a well-founded quantitative description
of the magnetic susceptibilities measured for real 2D
and 3D anisotropic Ising superantiferromagnets. The
present numerical results obtained are valid in the
entire experimental temperature range.
The agreement achieved between theory and exper-
iment strongly suggests that FeTAC, CoCl2 · 2NC5H5,
and FeCl2 · 2NC5H5 can be very accurately treated as
Ising magnets.
The accuracy of estimation of |J'|/J is improved from
one or two to three digits.
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APPENDIX
The formulas given below were used in analyzing
experimental data.
Longitudinal Susceptibility 
The zero-field longitudinal susceptibility of a 1D
Ising chain is
(A.1)
The longitudinal susceptibility of a double-chain 1D
(2 · 1D) Ising model is expressed as follows [46, 47]
χ||
1D( ) T( ) NAg||
2µB
2
4kBT
------------------ e
J /kBT
.=
3
0 10
χp, cm3/mol
T, K
4
1
20 30
2
1
2
Fig. 8. Temperature dependence of CoCl2 · 2NC5H5 (1) and
FeCl2 · 2NC5H5 (2) powder susceptibility: measurement
data from [11] (circles) and [17] (crosses) and theoretical
predictions based on (35) with J/kB = 11.4 K, J'/J = –6.53 ×
10–3, g|| = 6.26, and g⊥ = 5.05 for CoCl2 · 2NC5H5 and
J/kB = 24.5 K, J'/J = –5.65 × 10–3, g|| = 7.07, and g⊥ = 6.85
for FeCl2 · 2NC5H5 (curves).
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(see also [48]):
(A.2)
where
(A.3)
The expression for the longitudinal susceptibility of
a four-chain (4 · 1D) Ising model (a truly 3D cluster,
such as 4 × ∞ cylinder or 2 × 2 × ∞ parallelepiped)
is [30]
(A.4)
where
(A.5)
with x = J/kBT and y = z'J'/2kBT.
According to these formulas, the longitudinal sus-
ceptibility either increases indefinitely or vanishes
(exponentially) as T  0, depending on whether the
zero-temperature ordered state has nonzero or zero
magnetic moment. In particular, if J > 0 and J' < 0, then
the longitudinal susceptibility vanishes at T = 0. As
T  ∞, the susceptibility vanishes according to the
Curie–Weiss law (9). It should be noted here that the
constant parameters in the law are the correct Curie
constant and Curie–Weiss temperature given by (10)
and (11), respectively.
χ||
2 1D⋅( ) T( ) NAg||
2µB
2
4kBT
------------------
e
J /kBT
A z'J'/2kBT( )cosh
-------------------------------------------=
× A JkBT
--------
z'J'
2kBT
------------sinhcosh+⎝ ⎠⎛ ⎞
× A JkBT
--------
z'J'
2kBT
------------sinsinh+⎝ ⎠⎛ ⎞ ,
A 1 JkBT
--------
z'J'
2kBT
------------sinh2cosh2+⎝ ⎠⎛ ⎞
1/2
.=
χ||
4 1D⋅( ) T( ) NAg||
2µB
2
16kBT
-------------------=
×
A2 4e2y xsinh4–( )F 4AGey xsinh+
A2 2Aey 2x y 4e2y xsinh4+coshsinh–( )R1R2
----------------------------------------------------------------------------------------------------------,
R1 2, 1 2 x ysinhcosh ycosh±( )2+[ ]
1/2
,=
A 2 x y y R1+sinh+coshcosh( )=
× 2 x y y R2+sinh–coshcosh( ),
B 4 1 2 x y y R1+cosh+sinhcosh( )+[=
× 2 x y y R2+cosh–sinhcosh( ) ],
F y 2 x ysinh2cosh2 R1R2 B 3,–+ +–cosh
2
=
G 2 2 R1 R2+( )= x y 2B F–( ),sinhcosh+
Transverse Susceptibility 
The zero-field transverse susceptibility of a linear
Ising chain is [36, 49, 50]
(A.6)
The zero-field transverse susceptibility of a double-
chain Ising model with interchain coupling strength z'J'
has the form [51]
(A.7)
where
(A.8)
,
(A.9)
χ⊥
1D( ) T( ) NAg⊥
2 µB
2
4J-------------------=
×
J
2kBT
------------tanh J /2kBT
J /2kBT( )cosh2
------------------------------------+ .
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2 1D⋅( ) T( ) 116-----NAg⊥
2 µB
2 A1 B1G1–(=
+ 2A2G2 2B2G3– A3G4 B3G5–+ ),
A1
1
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2J z'J'+
kBT
--------------------sinh 12J z'J'–-------------------+=
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2J z'J'–
kBT
-------------------sinh 2
z'J'-------
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kBT
-------- ,sinh+
A2
1
2J z'J'+--------------------
2J z'J'+
kBT
--------------------
1
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2J z'J'–
kBT
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A3
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–
1
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2J z'J'–
kBT
-------------------cosh 1–⎝ ⎠⎛ ⎞ 2z'J'------- z'J'kBT--------cosh 1–⎝ ⎠
⎛ ⎞
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B2
1
2J z'J'+--------------------
2J z'J'+
kBT
--------------------cosh 1–⎝ ⎠⎛ ⎞=
+
1
2J z'J'–-------------------
2J z'J'–
kBT
-------------------cosh 1–⎝ ⎠⎛ ⎞ ,
B3
4
2J z'J'+--------------------
2J z'J'+
kBT
--------------------cosh 1–⎝ ⎠⎛ ⎞ B1 2B2;––=
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1
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---
J
kBT
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z'J'
2kBT
------------,sinhcosh=
G2
1
R
---
J
kBT
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------------,sinhsinh=
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(A.10)
with
(A.11)
The transverse susceptibility is invariant under the
sign changes J  –J and J'  –J'. At absolute zero
temperature, susceptibility (A.7) reduces to (15), which
is the correct value for a system of any dimensionality.
Figure 2 demonstrates that the transverse susceptibility
is nearly constant at low temperatures, reaches a maxi-
mum at a higher temperature, and follows the high-tem-
perature Curie law (13), (14).
The coordinates of the maximum of transverse sus-
ceptibility (A.6) are
(A.12)
For the double-chain Ising model with z'|J'/J| = 0.1
(curve 2 in Fig. 2), the transverse-susceptibility maxi-
mum has the coordinates (0.480876, 0.288263).
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